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Abstract
The mapping class group and its subgroup, the Torelli group, of a Riemann surface M has a natural action
on the space R
SU(2)
(M) of S;(2)-representations of the fundamental group of M and its subspace
R
SU(2)
(M))
*33%$
of irreducibles. In this paper we compute the cohomology H* (R
SU(2)
(M)), H* (R
SU(2)
(M)
*33%$
)
of both of these spaces and show that the induced action of the Torelli group is non-trivial. ( 2000 Elsevier
Science Ltd. All rights reserved.
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1. Introduction
Let M be a Riemann surface of genus g’2 with a 2-disk D2 embedded in M, D2CM. Let
Diw‘(M,D2) denote the group of orientation-preserving di!eomorphisms, f : MPM, of M which
are the identity on the disk D2, f DD2"id, and I(M,D2) denote the subgroup of those di!eomor-
phisms f which induce the identity map on the homology of M, fH"id : HH(M)PHH(M). Then the
following groups of connected components:
C
(g,1)
:"n
0
(Diff ‘(M,D2)),
I
(g,1)
:"n
0
(I(M,D2))
(1.1)
0040-9383/00/$ - see front matter ( 2000 Elsevier Science Ltd. All rights reserved.
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are called, respectively, the mapping class group, and the Torelli group of (M,D2). Not much is
known concerning the structure of this last group I
(g,1)
. For instance, up to now, it is unknown
whether I
(g,1)
has a "nite presentation for g*3 (cf. [6,7]). In this paper, we propose to study
I
(g,1)
by investigating its natural action on the representation varieties of M.
Let R
SU(2)
(M)A denote the space of representations, o :n
1
(M)PS;(2), of the fundamental group
of M into the Lie group S;(2), and R
SU(2)
(M)"R
SU(2)
(M)A/S;(2) the quotient of R
SU(2)
(M)A by the
S;(2)-action via conjugation on a representation, oPg ) o ) g~1. Then there is an induced, left
action of the mapping class group C
(g,1)
on R
SU(2)
(M) by (c )o)(a)"o(c~1a), c3C
(g,1)
, o3R
SU(2)
(M).
In the literature, the above representation spaces R
SU(2)
(M)A,R
SU(2)
(M) and their closely related
moduli spaces have been investigated extensively by many authors. In [1], Atiyah and Bott used
a Morse theoretical method to study the equivariant homology of the space of S;(2)-connections
over M. A consequence of their work is the triviality of I
(g,1)
-action on the equvariant homology of
R
SU(2)
(M)A. That is, the action of C
(g,1)
factors through the symplectic group Sp (2g,Z). Subsequently
Kirwan re"ned their technique in studying the intersection homology as well as the homology of
the desingularization of R
SU(2)
(M), and obtained similar conclusions with regard to the triviality of
the Torelli group action (see [8,10]). However, for the usual homology HH(RSU(2)(M)) (and also for
certain natural equivariant homology HH,SU(2)(RSU(2)(M)
A,R
SU(2)
(M)A
3%$
)), we obtain here the non-
triviality result as indicated in the title. For convenience, we use cohomology instead of homology
and use rational coe$cients throughout the paper (unless stated otherwise). Our main theorem is:
Theorem 1.1. Let R
SU(2)
(M)
3%$
, denote the subspace in R
SU(2)
(M), consisting of reducible S;(2)-
representations. Then for g’3, the action of the Torelli group I
(g,1)
is non-trivial on both
Hd(R
SU(2)
(M)) and the relative cohomology Hd(R
SU(2)
(M),R
SU(2)
(M)
3%$
) for d in the set of integers:
S(g) :"Mt D t"6 or 8)t)(3g!3)N (1.2)
and is trivial in all other dimensions. Moreover, this action of the Torelli group is unipotent of order 2.
As is well-known (see [1,8,11]), R
SU(2)
(M) is a complex, singular, projective variety of dimension
6g!6 with singularity given by the subspace R
SU(2)
(M)
3%$
of reducible representations. Hence its
complement R
SU(2)
(M)!R
SU(2)
(M)
3%$
is a non-singular, oriented manifold, and PoincareH duality
gives an isomorphism:
H
6g~6~H(RSU(2)(M)!RSU(2)(M)3%$)+HH(RSU(2)(M),RSU(2)(M)3%$). (1.3)
This last space R
SU(2)
(M)!R
SU(2)
(M)
3%$
can be considered as the space R
SU(2)
(M)
*33%$
of irredu-
cible S;(2)-representations up to conjugacy, and is clearly of interest on its own. Theorem 1.1
asserts that the Torelli group operates non-trivially on its cohomology at and above the middle
dimension (3g!3).
To prove Theorem 1.1, we study the cohomology in (1.3), using the following proposition.
Proposition 1.2. Let jH : HH(R
SU(2)
(M))PHH(R
SU(2)
(M)
3%$
) denote the homomorphism induced by the
inclusion j :R
SU(2)
(M)
3%$
PR
SU(2)
(M). Then the image of jH is given by the span of the classes
M1,u,u2,2,ugN where u is the symplectic 2-form on the variety RSU(2)(M)3%$.
An important biproduct of the above proposition is that we obtain formulas for the PoincareH
polynomial of R
SU(2)
(M) and other related spaces (see Theorem 2.2 for details).
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At the end of Section 2, we prove this proposition and discuss how an additional argument
shows that the action of I
(g,1)
is non-trivial on HH(R
SU(2)
(M)) if and only if it is the case on
HH(R
SU(2)
(M),R
SU(2)
(M)
3%$
).
Now a special feature of a reducible S;(2)-representation is that it has an abelian image and is
therefore conjugate to one factoring through the inclusion of a "xed maximal torus ;(1)CS;(2).
This yields the following identi"cation:
R
SU(2)
(M)
3%$
"Hom(H
1
(M,Z),;(1))/(Z/2)";(1)2g/(Z/2), (1.4)
where Z/2 acts on each ;(1)-factor of ;(1)2g by conjugation, ;(1)"Me*hN, e*hPe~*h.
Let R
SU(2)
(M)A
3%$
denote the subspace of reducible representations in R
SU(2)
(M)A. Then in view of
the above identi"cation, we have
R
SU(2)
(M)A
3%$
"image of S;(2) ]
N(U(1))
;(1)2g in R
SU(2)
(M)A, (1.5)
where N(;(1)) is the normalizer of a maximum torus in S;(2); it acts on the right of S;(2) through
the quotient Z/2"N(;(1))/;(1) and on the left of ;(1)2g via (1.4).
Since the S;(2)-action on the space R
SU(2)
(M)A!R
SU(2)
(M)A
3%$
has precisely the center
Z/2"M$IN as its isotropy subgroup, it follows from a standard argument that the rational,
equivariant cohomology can be identi"ed with the ordinary cohomology of the quotient:
Hd
SU(2)
(R
SU(2)
(M)A,R
SU(2)
(M)A
3%$
)+Hd(R
SU(2)
(M),R
SU(2)
(M)
3%$
). (1.6)
Hence, in analyzing the relative cohomology of the pair (R
SU(2)
(M),R
SU(2)
(M)
3%$
) we need but
consider the equivariant, rational cohomology of the pair of S;(2)-spaces (R
SU(2)
(M)A, R
SU(2)
(M)A
3%$
).
Associated to (R
SU(2)
(M)A, R
SU(2)
(M)A
3%$
), there is the long exact sequence of the cohomology of the
pair, from which we can extract the following short exact sequence:
0Pcoker iH
d~1
PHd
SU(2)
(R
SU(2)
(M)A, R
SU(2)
(M)A
3%$
)Pker iH
d
P0. (1.7)
Here iH
d
stands for the map on the dth-dimensional cohomology induced by the inclusion
i : R
SU(2)
(M)A
3%$
CR
SU(2)
(M)A, and the symbols ker(iH
d
), coker(iH
d
) are, respectively, its kernel and
cokernel.
The above discussion parallels the treatment of Atiyah and Bott [1] on the moduli space of
stable vector bundles over M. In fact, in Section 2 we recall a result of theirs:
Proposition 1.3. The above sequence (1.7) admits a natural action of the mapping class group C
(g,1)
.
When restricted to the Torelli group I
(g,1)
, this action is trivial on the kernel and cokernel of iH.
An immediate consequence of Proposition 1.3 is that the action of I
(g,1)
on the middle term of
(1.7) is unipotent of order at most 2. To analyze this situation further, we develop in Section 3 an
obstruction theory to study a unipotent group action on a short exact sequence where the action is
trivial at the two end terms. Applying this theory to (1.7), the triviality or non-triviality of the action
by an element c of I
(g,1)
on Hd
SU(2)
(R
SU(2)
(M)A, R
SU(2)
(M)A
3%$
) is equivalent to a certain obstruction
map
W
d
(c) : ker iH
d
Pcoker iH
d~1
(1.8)
being zero or not.
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To compute W
d
(c), we have to appeal to the work of Johnson [6,7] which will be reviewed in
Section 4 and put in a form convenient for our application. In Section 5, we combine the methods
of Atiyah and Bott [1] with those of Johnson [6,7] to place our problem in the general framework
of computing characteristic classes. Our main work, accomplished in Section 6, is to carry out
a systematic calculation of the obstruction map W
d
(c) for any element of c of I
(g,1)
.
2. Summary of Atiyah and Bott’s results on gauge spaces
Consider the natural inclusion ;(1)6 S;(2) of the circle group ;(1)"Me*hN as the maximum
torus e*hC diag(e*h, e~*h) of S;(2). This gives rise to a natural map of the corresponding classifying
spaces B;(1)PBS;(2), and so to an induced mapping of the spaces
Map(M,B;(1))PMap(M,BS;(2)). (2.1)
For f :MPB;(1), we de"ne the degree of f by the formula f H(c
1
(‚))"degree ( f ).MMN. Here
‚PB;(1) is the universal complex line bundle, c
1
(‚) is its "rst Chern class, and MMN is the
fundamental class of M.
We de"ne the two mapping spaces >
1
,>
2
by the formulas
>
1
:"M f3Map(M,B;(1)) D degree f"0N, (2.2)
>
2
:"Map(M,BS;(2)). (2.3)
In addition, there is an involution of B;(1) induced by the conjugation on ;(1)"
Me*hN, e*hPe~*h which in turn gives rise to one on >
1
. De"ne >
1b
to be the Borel construction
associated to this Z/2-action on >
1
:
>
1b
:"E(Z/2)]
Z@2
>
1
, (2.4)
where E(Z/2) is the universal Z/2-space. Note by de"nition, the rational cohomology of>
1b
equals
the Z/2-invariant cohomology of >
1
. In addition, the inclusion >
1
C>
2
naturally extends to
a mapping >
1
P>
1b
P>
2
.
From the de"nition of the mapping space Map (M,X) there is a natural evaluation map
M]Map (M,X)PX (2.5)
sending (m, f )Pf (m). Applying to our situation, we have the following maps:
M]Map (M,BS;(2))PBS;(2), M]Map (M,B;(1))PB;(1)
whose restrictions to >
1
,>
2
give
F
1
: M]>
1
PB;(1), F
2
: M]>
2
PBS;(2). (2.6)
Let Ma(i) D i"1,2, 2gN be a symplectic basis for H1(M,Z). That is, under the cup product pairing
S ,T : H1(M,Z)]H1(M,Z)PH2(M,Z),Z,
Sa(2j!1), a(2j)T"#1, Sa(2j), a(2j!1)T"!1,
Sa(k), a(l)T"0 in all other cases. (2.7)
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Note the second Chern class c
2
(E) after pulling back by F
2
has a KuK nneth decomposition:
(F
2
)H(c
2
(E))"MMN?P# +
i/1,2,2g
a(i)?Q(i)#1?R (2.9)
with P, Q(i), R cohomology classes of >
2
of dimensions 2, 3, 4, respectively. Similarly, the "rst
Chern class c
1
(‚) after pulling back by F
1
has a KuK nneth decomposition:
(F
1
)H(c
1
(‚))" +
i/1,2,2g
a(i)?q(i)#1?r (2.10)
with q(i), r cohomology classes of >
1
of dimensions 1, 2, respectively. Since >
1
consists of degree-0
maps, there are only two summands in (2.10). In terms of these cohomology classes, we can
summarize one of Atiyah and Bott’s results in [1] as follows:
Theorem 2.1. (a) The rational cohomology of >
2
is freely generated by the classes P, Q(i),R. That is, it
is the tensor product of a polynomial algebra on the classes P, R in dimensions 2, 4 with an exterior
algebra on the three-dimensional classes MQ(i) D i"1,2, 2gN.
(b) The rational cohomology of >
1
is freely generated by the classes q(i), r. That is, it is the tensor
product of a polynomial algebra on the class r in dimension 2 with an exterior algebra on the
1-dimensional classes Mq(i) D i"1,2, 2gN.
(c) The action of the mapping class group C
(g,1)
on the rational cohomology HH(>
2
) and HH(>
1
)
factors through the symplectic group Sp(2g,Z). That is, the Torelli group I
(g,1)
acts trivially.
By precomposition, Diw‘(M,D2) acts on >
2
and >
1
and the inclusion >
1
C>
2
is equivariant
with respect to these actions. In particular, the Torelli group I
(g,1)
acts on the cohomology of
>
2
,>
1
, and of the pair (>
2
,>
1
). Theorem (2.1) asserts that these actions are trivial.
By de"nition, the rational cohomology HH(>
1b
)"HH(E(Z/2)]
Z@2
>
1
) is the invariant part of the
cohomology of HH(>
1
) under the involution sending
rP!r, q(i)P!q(i). (2.11)
Hence, as a consequence of Theorem 2.1, the Torelli group action on this cohomology HH(>
1b
) is
also trivial.
The inclusion B;(1)6BS;(2) pulls back c
2
(E) to !c
1
(‚)2. Since the evaluation map in (2.6)
commutes with the inclusion i :>
1
6>
2
, we have in the cohomology of M]>
1
the following
equality:
!C +
i/1,2,2g
a(i)?q(i)#1?rD
2"MMN?iH(P)# +
i/1,2,2g
a(i)? iH(Q(i))#1?iH(R). (2.12)
Comparing the terms of the KuK nneth decomposition on the two sides of the above equality (2.12), it
yields
iH(P)"# +
i,j/1,2,2g
Sa(i),a( j)T(q(i)’q( j))"2u,
iH(Q(i))"!2(r’q(i)), iH(R)"!r2, (2.13)
S.E. Cappell et al. / Topology 39 (2000) 851}871 855
where u is the natural symplectic 2-form on the q(i)@s. In particular, if we de"ne < in H6(>
2
,Q) by
the formula
< :"C +
i,j/1,2,2g
Sa(i),a( j)T(Q(i)’Q( j))D#4PR (2.14)
then, by (2.13), we see that < lies in the kernel of iH.
We will now explain the gauge-theory interpretation of these spaces>
2
,>
1
,>
1b
, and the relation
of their cohomology to the S;(2)-equivariant cohomology of R
SU(2)
(M)A and R
SU(2)
(M)A
3%$
.
Let P(2)"S;(2)]M nP M be the trivial principal S;(2)-bundle over the Riemann surface M.
letA denote the space of S;(2)-connections on P andA
&-!5
the subspace of #at S;(2)-connections
on P. The gauge group G"Map(M, S;(2)) acts on A and A
&-!5
.
Except for a subspace ofA of in"nite codimension, the gauge groupG acts with the Z/2-center of
S;(2) as its isotropy subgroup. Hence, we have an identi"cation of the rational cohomology of the
quotient A/G with that of the classifying space B(G). Atiyah and Bott [1] showed that this last
classifying space can be identi"ed with >
2
"Map(M,BS;(2)). Thus, we have
HH(A/G)"HH(B(G))"HH(Map(M,BS;(2)))"HH(>
2
). (2.15)
Pick a base point p in M. LetG
0
"M f :MPS;(2) D f (p)"idN be the subgroup of G which are the
identity at p. Since this based gauge group G
0
acts freely on the spaceA
&-!5
and since the holonomy
along paths completely determines a #at connection, we have the following identi"cation:
A
&-!5
/G
0
"R
SU(2)
(M)A. (2.16)
As we vary the gauge structure over the base point, we vary the monodromy by conjugation; it
follows that the evaluation at the base point induces an isomorphism of G/G
0
onto S;(2), and the
above formula (2.16) is also an identi"cation of S;(2)-spaces. Thus, we get an isomorphism of
equivariant cohomologies:
HHG(A&-!5)"HHSU(2)(RSU(2)(M)
A). (2.17)
Proof of Proposition 1.3. We now apply the work of Atiyah and Bott. In the present setting, the
Yang}Mills functional has the space of #at connections as its lowest critical stratum. One of their
main theorems is that the map induced by the inclusion k :A
&-!5
CA is a surjection on cohomol-
ogy (see also (2.30)):
HH(B(G))"HHG(A)"HH(>2)
k
H
P HHG(A&-!5)"HHSU(2)(RSU(2)(M)
A). (2.18)
In particular, since the Torelli group acts trivially on the cohomology of HH(>
2
) by Theorem 2.1, it
follows that the corresponding actions on the equivariant cohomology HH
SU(2)
(R
SU(2)
)(M)A) and
hence on the kernel, ker iH
d
, of (1.7) are trivial. Similarly I
(g,1)
acts trivially on the cokernel coker iH
d~1
because, as in (2.11), it acts trivially on the cohomology of >
1b
which is the Z/2-equivariant
cohomology of>
1
. As we will see in (2.25), this last cohomology is also the equivariant cohomology
of R
SU(2)
(M)A
3%$
and so this will prove the last claim of Proposition 1.3.
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A similar story holds with P(2) being replaced by the trivial principal ;(1)-bundle,
P(1)";(1)]M nP M. Let A(1)
&-!5
denote the #at connections and A(1) denote the space of all
;(1)-connections on P(1). The corresponding gauge group is G(1)"Map (M,;(1)) with the
classifying space given by A(1)/G(1)"B(G(1))"Map (M,BS;(1))">
1
. The based gauge group
G(1)
0
"M f : MP;(1) D f(p)"idN again acts freely on the space A
&-!5
of #at connections with
A(1)
&-!5
/G(1)
0
as the quotient. As the group ;(1) acts trivially on this last space we have an
isomorphism of equivariant cohomology:
HHG(1)(A(1))&-!5)"HHU(1)(;(1)2g)"P[r]?HH(;(1)2g), (2.19)
where r is a generator of the polynomial algebra HH(B;(1))"P[r] in degree 2. Thus, in the present
case, the inclusion i :A(1)
&-!5
CA(1) induces an isomorphism of cohomologies:
HH(B(G(1)))"HHG(1)(A(1))"HH(>1)
i
H!P HHG(1)(A(1)&-!5)"P[r]?(HH(;(1)2g)). (2.20)
The space >
1b
"ts into this picture also. Note that the conjugation, e*hC e~*h, de"nes an
involution of the gauge group G(1)"Map (M,;(1)) and also an involution of the principal ;(1)-
bundle P(1). This last involution of P(1) induces an involution on the space of connections A(1),
preserving the #at connections. Thus the gauge group actions on these spaces of connections
extend to actions of the semi-direct product Z/2⁄G(1):
(Z/2⁄G(1))]A(1)PA(1),
(Z/2⁄G(1))]A(1)
&-!5
PA(1)
&-!5
.
(2.21)
Or equivalently, upon dividing out by the based gauge group G(1)
0
, we have the follwing group
actions:
(Z/2⁄;(1))](A(2)/G(1)
0
)P(A(1)/G(1)
0
),
(Z/2⁄;(1))](;(1)2g)P(;(1)2g),
(2.22)
where ;(1) acts trivially on A(1) and Z/2 acts by conjugation on ;(1)-connections.
Corresponding to the inclusion, ;(1)6N(;(1))6S;(2), there is a corresponding inclusion of
gauge spaces with actions (A(1)/G(1)
0
)P(A/G
0
), which in turn gives rise to (by extending
equivariantly) mappings of S;(2)-spaces:
l@ : S;(2)]
N(U(1))
(A(1)/G(1)
0
)P(A/G
0
),
l : S;(2)]
N(U(1))
(;(1)2g)PR
SU(2)
(M)A
3%$
.
(2.23)
Upon taking the product with the universal S;(2)-space, E(S;(2)), and dividing out by the
diagonal S;(2)-action, we obtain the following:
i : E(S;(2))]
N(U(1))
(A(1)/G(1)
0
)"E(Z/2)]
Z@2
>
1
">
1b
PE(S;(2))]
SU(2)
(A/G
0
)">
2
, (2.24)
m :E(S;(2))]
N(U(1))
(;(1)2g)"B;(1)]
Z@2
(;(1)2g)
"B(;(1))]
Z@2
R
U(1)
(M)APE(S;(2))]
SU(2)
R
SU(2)
(M)A. (2.25)
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Note that the map l is onto and the inverse image of an S;(2)-orbit in its range equals to a single
S;(2)-orbit in its domain. These orbits are mapped one-to-one except in the exceptional cases
where the orbit S;(2)/N(;(1)) maps to the orbit S;(2)/S;(2). Since the inclusion N(;(1))6S;(2)
induces an isomorphism on rational cohomology, it follows that the above map m in all cases has
stalks whose rational cohomology equals to the cohomology of a point. Hence, m induces an
isomorphism on the rational cohomology. This completes the proof of Proposition 1.3. h
These facts can be summarized in the following commutative diagram of long exact sequences:
where ‘Reda stands for the space of reducibles R
SU(2)
(M)A
3%$
. By (2.18), (2.24) and(1.4), the map kH is
surjective and mH is an isomorphism. A diagram chase then shows that nH is also surjective. In
particular, the cokernel of iH is mapped isomorphically to the cokernel of iMH and the kernel of iH is
mapped onto the kernel of iMH, i.e.
kH : ker iHPker iMH is onto, mH : coker iHKcoker iMH. (2.26)
To explicitly write down the cokernel of iH, we consider an element of HH(>
2
) as a product of the
form (P/2)a.<
i/1,2,b
(Q( j
i
)/!2).(!R)c. Then, by (2.13), its image under iH is of the form
ua.rb‘2c.<
i/1,2,b
q( j
i
), where u is the symplectic form.
By the Hodge decomposition, the exterior algebra KH(Mq(1),2,q(2g)N) can be written as a sum of
the primitive subspaces Prim(KrMq(1),2,q(2g)N) of the rth exterior product (0)r)g):
KH(Mq(1),2,q(2g)N)" +
r/M0,2,gN,s/M0,2,(g~r)N
us. Prim(Kr). (2.27)
Thus in the cohomology
HH(>
1b
)"[P[r2]?K%7%/(Mq(1),2,q(2g)N)]=[rP[r2]?K0$$(Mq(1),2,q(2g)N)],
the cokernel of iH is given precisely by the following sum:
coker iH" +
2ixg,jxg~(2i),k:i
r2k.uj. Prim(K2i)= +
2i‘1xg,jxg~(2i‘1),k:i
r2k‘1.uj. Prim(K2i‘1).
(2.28)
This formula together with the known calculation of HH
SU(2)
(R
SU(2)
(M)A) and HH
SU(2)
(Red) allows us
to compute the PoincareH series of the space R
SU(2)
(M) as follows.
By the work of Atiyah and Bott, the PoincareH series of the classifying space B(G) is
F
1
(t, g) :"j
t
(B(G))"j
t
(>
2
)"j
t
(A/G)"(1#t3)2g/((1!t2).(1!t4)). (2.29)
Now #at connections inA
&-!5
are the minima of the Yang}Mills functional. As in Atiyah and Bott’s
analysis in [1], the other unstable strata have the following contribution to the PoincareH series:
F
2
(t, g)"j
t
(unstable strata)"t2g‘2(1#t)2g/((1!t2).(1!t4)) (2.30)
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and so by the perfect Morse function nature of the Yang}Mills functional, we get the PoincareH
series for the #at strata:
j
t
(HH
SU(2)
(R
SU(2)
(M)A))"(F
1
(t, g)!F
2
(t, g)). (2.31)
The PoincareH series of the space>
1b
, or equivalently the equivariant cohomology of R
SU(2)
(M)A
3%$
,
is similarly computed as
F
3
(t, g)"j
t
(HH
SU(2)
(R
SU(2)
(M)A
3%$
))"j
t
(>
1b
)
"[(1/2)(1#t)2g.(1#t2)#(1/2)(1!t)2g.(1!t2)]/(1!t4).
(2.32)
By (2.28), the PoincareH polynomial of the cokernel of iH is given by
F
4
(t, g)"j
t
(coker iH)
" +
v/2,2,g
A(g,v)tv‘2B(v).(1!t2v~2B(v)).(1!t2g~2v‘2)/((1!t2).(1!t4)), (2.33)
where B(v) is the integral remainder of dividing v by 2 and A(g, v) is the di!erence of two binomial
coe$cients
A
2g
v B!A
2g
v!2B.
Note that this cokernel contributes as (1#t)F
4
(t, g) to the PoincareH series of the pair
(R
SU(2)
(M)A,R
SU(2)
(M)A
3%$
). Thus, putting the above calculation together, the PoincareH series of the
pair is given by
j
t
(HH
SU(2)
(R
SU(2)
(M)A,R
SU(2)
(M)A
3%$
))"j
t
(HH(R
SU(2)
(M),R
SU(2)
(M)
3%$
))
"F
1
(t, g)!F
2
(t, g)!F
3
(t, g)#(1#t).(F
4
(t, g)).
On the other hand from (1.4) the PoincareH series of the ordinary cohomology of the space
R
SU(2)
(M)
3%$
of reducibles is
F
5
(t, g)"j
t
(R
SU(2)
(M)
3%$
)"(1/2)((1#t)2g#(1!t)2g). (2.34)
In view of Proposition 1.2, the inclusion j induces a homomorphism jH whose image has the
following PoincareH series:
F
6
(t, g)"(1!t2(g‘1))/(1!t2). (2.35)
Combining this with the exact sequence of the pair (R
SU(2)
(M),R
SU(2)
(M)
3%$
), we have the following:
Theorem 2.2. The Poincare& polynomial of the rational cohomology of the space of S;(2)-representa-
tions up to conjugacy R
SU(2)
(M) is given by the formula
j
t
(R
SU(2)
(M))"F
1
(t, g)!F
2
(t, g)!F
3
(t, g)#(1#t).F
4
(t, g)
!tF
5
(t, g)#(1#t)F
6
(t, g) (2.36)
with the polynomials F
i
(t, g) and with i"1, 2, 3, 4, 5, 6 dexned as above.
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Proof of Proposition 1.2. To complete the proof, we note that the natural transformation between
the equivariant and the ordinary cohomology gives the following commutative diagram with the
horizontal arrows coming from the connecting coboundary homomorphisms associated to the
relevant pairs:
As explained before, kH and n@H are isomorphisms and HH(R
SU(2)
(M)
3%$
) is the direct sum
+
0x2ix2g
K2i(Mq(i)@sN) which under kH~1"k{H is mapped to the cohomology of HH(>
1b
)"(Z/2!in-
variants in P[r]?KH(Mq(i)@sN)). Thus this mapping is a monomorphism. Since n{H is an isomor-
phism we see that the kernel, ker d@, is sent injectively by kH~1"k{H into the kernel, ker d, which
coincides with the image of iH.
Now by the explicit formulas above, (+
0x2ix2g
K2i(Mq(i)@sN))W(image of iH) is the span of
M1,u,u2,2,ugN. Hence, the kernel ker d@, is contained in the span of M1,u,u2,2, ugN. On the
other hand, R
SU(2)
(M) can be realized as a singular projective algebraic variety. That is, we have an
embedding of R
SU(2)
(M)CCPN for some N. The pull-back of the KaK hler form gives a two-
dimensional cohomology class u@ in H2(R
SU(2)
(M)) which restricts to a KaK hler class in
H2(R
SU(2)
(M)
3%$
)"H2(;(1)2g/(Z/2)), i.e. a multiple of the symplectic form u. Hence, the kernel of d@
is as described in Proposition 1.2.
Remark on the proof of (1.1): As is well known, the mapping class group can be interpreted as the
fundamental group of the moduli space of complex structures on M. As we vary the complex
structure, we also vary the complex structure on R
SU(2)
(M) and so for each loop on this last moduli
space we have a "bration over the circle with R
SU(2)
(M) as its "ber. As H2(R
SU(2)
(M)) is of rank one
and is spanned by the KaK hler class u@, it is not di$cult to see that the monodromy associated to this
"bration keeps u@ "xed. In particular, we have the direct summand given by the span of
M1,u@, (u@)2,2, (u@)gN in HH(RSU(2)(M)) which projects onto the kernel of d@ and the Torelli group
acts trivially on this piece of HH(R
SU(2)
(M)). Consequently, the action of the Torelli group is trivial
on HH(R
SU(2)
(M)) if and only if it is trivial on the image of HH(R
SU(2)
(M),R
SU(2)
(M)
3%$
)"
HH
SU(2)
(R
SU(2)
(M)A,R
SU(2)
(M)A
3%$
) in HH(R
SU(2)
(M)). From the above computation, this image is
isomorphic to HH
SU(2)
(R
SU(2)
(M)A) modulo the image of the classes „ :"&
0x2ix2g
K2i(Mq(i)@sN).
In the next section, we will develop an obstruction theory to study the non-triviality question for
actions on group extensions. Applying this theory to the two spaces HH
SU(2)
(R
SU(2)
(M),R
SU(2)
(M)
3%$
)
and HH
SU(2)
(R
SU(2)
(M)A), it will become clear from the above computation and the functorial
property of the obstruction maps that if W
d
denotes the obstruction map ker(iH
d
)
W
dP coker(iH
d~1
) for
the "rst, then its composite with the quotient map coker(iH
d~1
)Pcoker(iH
d~1
)/„ gives the obstruc-
tion map for the second (cf. Proposition 3.2 and Section 6). From this we will show that the
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composite is non-zero if and only if W
d
is non-zero, or in other words the action of the Torelli group
on the cohomology HH(R
SU(2)
(M)) is non-trivial if and only if it is non-trivial on the cohomology
HH(R
SU(2)
(M),R
SU(2)
(M)
3%$
)"HH
SU(2)
(R
SU(2)
(M)A, R
SU(2)
(M)A
3%$
). (2.37)
3. Obstructions to the homological triviality of group actions
Let i : BCA be an inclusion of spaces and g : APA be an automorphism of A which preserves
the subspace B. We have induced actions of g, called gH, on the cohomologies HH(A),
HH(B),HH(A,B). Suppose that
g"identity on HH(A), HH(B). (3.1)
There is a natural action of gH on the long exact sequence of cohomology groups
PHH(A) i
H
P HH(B) dP HH(A,B) j
H
P HH(A) i
H
P HH(B), (3.2)
and from this we obtain the short exact sequence
0P(coker iH) dP HH(A,B) j
H
P (ker iH)P0, (3.3)
where gH"identity on the image of d and jH(gH!id)"0. Hence g!idH acts nilpotently of order 2
on the relative groups HH(A,B).
Method 1: The most direct method of measuring the extent of which gH di!ers from the identity is
to de"ne a homomorphism
W
1
: ker iHPcoker iH (3.4)
via dW
1
(x)"(gH!id)(x@) where x@ is chosen with jH(x@)"x. This is well-de"ned because d is
one-to-one on the cokernel of iH and di!erent choices of x@ vary the result by elements in the image
of dH which are annihilated by gH!id.
Note that W
1
"0 if and only if gH acts as the identity on HH(A,B).
Method 2: The second method uses the mapping torus M
g
(X) of an automorphism g : XPX.
That is, M
g
(X) is the identi"cation space:
M
g
(X)"[0, 1]]X/((0,x)&(1, gx)). (3.5)
Note, from the de"nition, M
g
(X) comes equipped with the inclusion X"X]0CM
g
(X) and the
projection n : M
g
(X)PS1. As is well-known, associated to a mapping torus M
g
(X), there is a long
exact sequence
PHH(X)1~g
H
P HH(X) dP HH(M
g
(X))
m
H
P HH(X)1~g
H
P HH(X)P. (3.6)
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Applied this to the mapping tori of A and B, we get two short exact sequences
0PHH~1(A) dP HH(M
g
(A)) m
H
1P HH(A)P0,
0PHH~1(B) dP HH(M
g
(B)) m
H
2P HH(B)P0.
(3.7)
From the inclusion i : BCA we get an inclusion iI :M
g
(B)CM
g
(A) of the mapping tori, and these
mappings in turn induce mappings between the cooresponding terms in the above short exact
sequences.
Now for x3ker iH, choose xA with mH
1
(xA)"x; then under the map mH
2
the class iIH(xA) vanishes in
HH(B). We let y be the unique element of HH~1(B) with d(y)"iIHxA. This is well-de"ned in the
cokernel of iH since varying the choice of xA varies y by precisely the image of iH. This procedure
de"nes a second obstruction map
W
2
: ker iHPcoker iH, xPy modulo image of iH. (3.8)
Method 3: Choose a basis Mx
r
N for HH(A) and another basis My
s
N of HH(B). Under the restriction iH,
we have iH(x
r
)"R
s
K
(r,s,1)
y
s
. Now using the triviality of the action of gH on the cohomology of A and
B, choose elements Mx@
r
N in HH(M
g
(A)) and My@
s
N in HH(M
g
(B)) which restrict to the corresponding
basis classes Mx
r
N,My
s
N. These choices de"ne the following splittings:
s
1
: HH(A)PHH(M
g
(A)), R
r
K
r
.x
r
PR
r
K
r
.x@
r
, (3.9)
s
2
: HH(B)PHH(M
g
(B)), R
s
‚
s
.y
s
PR
s
‚
s
.y@
s
. (3.10)
In particular, we get an isomorphism of HH(B)-modules via
H:HH(B)?HH(S1)PHH(M
g
(B)),
R
r
K
r
.(1?x
r
)PR
r
K
r
.x@
r
,
R
r
K
r
.([S1]?x
r
)PR
r
K
r
.(nH[S1]Xx@
r
).
(3.11)
Thus, for each s, we can de"ne a homomorphism by the composite
k
s
: HH(A) s1P HH(M
g
(A)) i
K HP HH(M
g
(B))
H~1P HH(S1)?HH(B) esP Q, (3.12)
where e
s
takes the coe$cient of the term [S1]?y
s
in the decomposition HH(S1)?HH(B). Putting
these together into a total mapping
k : HH(A)PHH(B), xPR
s
k
s
(x).y
s
, (3.13)
we de"ne the third obstruction map W
3
by composing k with the inclusion and projection:
W
3
: ker iHCHH(A) kP HH(B)Pcoker iH. (3.14)
A simple diagram chase now shows:
Theorem 3.1. The above three methods dexne the same homomorphism
W
1
"W
2
"W
3
.
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Throughout the rest of this paper, we will rely on method 3. For this reason, we will use the
notation W (or W
d
) to denote this last obstruction map (or this obstruction map applied to the
degree dth-cohomology).
Let us now apply the above consideration to our situation at the end of Section 2, with mappings
i :>
1b
6>
2
and iM : E(S;(2))]
SU(2)
R
SU(2)
(M)A
3%$
6E(S;(2))]
SU(2)
R
SU(2)
(M)A. As in the proof of Prop-
osition 1.3, the Torelli group I
(g,1)
acts trivially on the cohomology of these four spaces. Further-
more, there are natural mappings which intertwine with i and iM and hence give a commutative
diagram of long exact sequences on cohomology. By the naturality of the obstruction maps, for an
element c in the Torelli group, the associated obstructions W(c) and W@(c) are related by the
commutative diagram
Since by (2.26) the map mH is an isomorphism and kH is onto, we have proved:
Proposition 3.2. The obstruction W(c) to the triviality of the action of an element c of the Torelli
group on the relative cohomology Hd(>
2
,>
1b
) is non-trivial if and only if the obstruction W@(c)
to the non-triviality of c on the S;(2)-equivariant cohomology Hd
SU(2)
(R
SU(2)
(M)A, R
SU(2)
(M)A
3%$
) is
non-zero.
4. Results of Johnson on Torelli group
As is well-known, the components of Diw‘(M, D2) are contractible, and so the groups I
(g,1)
and
I(M,D2) have isomorphic cohomology. By a result of Johnson [7], for g’2, the "rst rational
cohomology of I
(g,1)
is naturally isomorphic to the thrid exterior power K3H
1
(M,Q) as a module of
the symplectic group Sp(2g,Z).
As I(M,D2) operates on the spaces >
1
,>
2
by homeomorphisms, there are two naturally
associated bundles =
1
,=
2
over the classifying space BI(M,D2) with "bers isomorphic to >
1
,>
2
.
These bundles=
1
,=
2
play a crucial role in our analysis. In order to utilize them, let us "rst recall
and reformulate the aforementioned results of Johnson on the "rst cohomology of I(M,D2) in
a manner which is most suitable for us.
Note we have the universal surface bundle n : gPBI(M,D2) with "ber M and structure group
I(M,D2). Since the 2-disk D2 is "xed by all the di!eomorphisms of I(M,D2), this bundle g comes
equipped with a natural trivial D2 subbundle pr
2
: D2]BI(M,D2)PBI(M,D2) which is embedded
into g by an inclusion
J : D2]BI(M,D2)6g (4.1)
and n " J"pr
2
.
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In particular, the center of the disk de"nes a section s :BI(M,D2)Pg of the bundle g,n " s"id.
Also, the collapsing map on each "ber n~1(p)PD2/LD2 de"nes a natural mapping
c : gPD2/LD2"S2 (4.2)
which on each "ber collapses the complement of the interior of D2 onto a point.
Since I(M,D2) acts trivially on the "rst cohomology H1(M,Z), for each class x in H1(M,Z) there
is a unique class ‚(x), the lift of x, in H1(g,Z) with the properties
(a) ‚(x) D,ber"x in H1(,ber,Z)+H1(M,Z).
(b) sH(‚(x))"0.
Also the generator MS2N of H2(S2,Z)"Z pulls back under c to a class cH(MS2N) whose restriction
to each "ber gives the generator of H2(,ber,Z)+H2(M,Z)"Z. In addition, there is the push-
forward mapping
nH : HH(g,Z)PHH~2(BI(M,D2),Z) (4.3)
which amounts to performing integration along the "ber. Hence, starting with three classes
a(i), a( j), a(k) in H1(M,Z), we can construct the one-dimensional class nH(‚(a(i))’‚(a( j))’‚(a(k)))
in H1(BI(M,D2),Z). On cohomology this construction yields a homomorphism of the third
exterior power:
h : K3H1(M,Z)PH1(BI(M,D2),Z),
a(i)’a( j)’a(k)PnH(‚(a(i))’‚(a( j))’‚(a(k))).
(4.4)
The following is a reformulation of a result of Johnson in [6,7].
Theorem 4.1. For g’2, the above homomorphism h induces an isomorphism of K3H1(M,Z) onto the
integral cohomology H1(BI(M,D2),Z) modulo 2-torsion.
For convenience, we will denote by c
(i,j,k)
the push-forward element in (4.4):
c
(i,j,k)
"nH(‚(a(i))’‚(a( j))’‚(a(k))) (4.5)
in H1(BI(M,D2),Z).
The classes M1, M‚(a(i)) D i"1,2, 2gN, cH(MS2N)N restrict to a basis on the cohomology of each "ber
of g. Hence, from a spectral sequence argument, they provide an isomoprhism of HH(BI(M,D2),Z)-
modules:
HH(M,Z)?HH(BI(M,D2),Z)+HH(g, Z), (4.6)
1?PnH(x), a(i)?xP‚(a(i))’nH(x), MMN?xPcH(MS2N)’nH(x).
Moreover, from the above discussion, it is not di$cult to see that the ring structure of the
cohomology HH(g,Z) is recorded by the formulas
‚(a(i))’cH(MS2N)"0, cH(MS2N)’cH(MS2N)"0, (4.7)
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‚(a(i))’‚(a( j))"Sa(i), a( j)T . cH(MS2N)# +
k/1,2,2g
nH(t(i, j, k))’‚(a(k)) (4.8)
with t(i, j, k) given by t(i, j, k)"! +
l/1,2,2g
c
(i,j,l)
. Sa(l), a(k)T.
5. Combining the Atiyah}Bott and Johnson’s results
The group I(M,D2) acts on the spaces >
1
and >
2
by homeomorphisms; hence, we may form the
associated bundles =
1
,=
2
, over the classifying space BI(M,D2) with "bers given respectively, by
>
1
and >
2
.
Similarly, we can form the "ber product of g with=
1
or=
2
to get bundles over BI(M,D2) with
"bers the product M]>
1
or M]>
2
. Let these spaces be denoted by X
1
, X
2
, respectively and let
n
i
: X
i
P=
i
, pr
1
: X
i
Pg, i"1, 2, be the projection of these "ber products onto the corresponding
factors.
Since the evaluation maps F
1
:M]>
1
PB;(1) and F
2
:M]>
2
PBS;(2) are equivariant with
respect to the diagonal action of I(M,D2) on M]>
i
and the trivial action on B;(1),BS;(2), these
evaluation maps lift to the following maps of the "ber products:
F@
1
: X
1
PB;(1), F@
2
: X
2
PBS;(2) (5.1)
which on each "ber are the evaluation maps F
1
, F
2
before.
We consider X
i
as a bundle n
i
: X
i
P=
i
over =
i
with "ber M. The pull back by the projection
pr
1
:X
i
Pg of the basis M1, M‚(a( j) D j"1,2, 2gN, cH(MS2N)N of the cohomology of g provide us with
classes on X
i
. Using these classes we obtain the following isomorphism of cohomologies:
HH(M,Z)?HH(=
i
, Z)+HH(X
i
,Z), (5.2)
1?xPnH
i
(x),
a( j)?xPprH
1
(‚(a( j))’nH
i
(x),
MMN?xPprH
1
(cH(MS2N))’nH
i
(x).
The second Chern class c
2
(E) after pulling back by F@
2
has the corresponding KuK nneth decompo-
sition
(F@
2
)H(c
2
(E))"prH
1
(cH(MS2N))?nH
2
(P@)# +
j/1,2,2g
prH
1
(‚(a( j)))?nH
2
(Q( j)@)#1?nH
2
(R@) (5.3)
with P@,Q( j)@,R@ cohomology classes of =
2
of dimensions 2, 3, 4, respectively. By de"nition, these
classes when restricted to the "ber>
2
give the previous classes P, Q( j), R of HH(>
2
, Z). Similarly, the
"rst Chern class c
1
(‚) after pulling back by F@
1
has the decomposition
(F@
1
)H(c
1
(‚))" +
j/1,2,2g
prH
1
(‚(a( j))?nH
1
(q( j)@)#1?nH
1
(r@) (5.4)
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with q(i)@, r@ cohomology classes of=
1
of dimensions 1,2, respectively. Since>
1
consists of degree-0
maps, there are only two summands here. Again the restriction of these classes on each "ber are the
previous classes q(i), r of HH(>
1
,Z).
By the same argument as in Section 2 and because the pull back of c
2
(E) to B;(1) is !c
1
(‚)2, the
inclusion i@:X
1
6X
2
yields the following formula:
prH
1
(cH(MS2N))?nH
1
(i@ H(P@))
# +
j/1,2,2g
prH
1
(‚(a( j))?nH
1
(i@ H(Q( j)@))#1?nH
1
(i@ H(R@))
"!C +
j/1,2,2g
prH
1
(‚(a( j))?nH
l
(q( j)@)#1?nH
1
(r@)D
2
. (5.5)
The main di!erence from Section 2 is that the products ‚(a( j))’‚(a(k)) in HH(g,Z) are more
complicated than the products a( j)’a(k)"Sa( j),a(k)TMMN in HH(M,Z)"Z. Indeed, by (4.9) these
products are given by
‚(a(i))’‚(a( j))"Sa(i)a( j)TcH(MS2N)# +
k/1,2, 2g
nH(t(i, j, k))’‚(a(k)), (5.6)
where t(i, j, k) are
t(i, j, k)"! +
l/1,2,2g
c
(i,j,l)
.Sa(l),a(k)T. (5.7)
In view of the extra terms in this wedge product, the pull back of the classes MP@,MQ( j)@N,R@N can be
written as
i@ H(P@)"# +
j,k/1,2,2g
Sa( j),a(k)T.q( j)@.q(k)@, (5.8)
i@ H(Q(l)@)"!2r@.q(l)@! +
u,v/1,2,2g
nH(t(u,v,l)).q(u)@.q(v)@,
i@ H(R@)"!(r@)2,
where n is the bundle map n :=
1
PBI(M,D2).
For example, let < be the cohomology class of >
2
de"ned in (2.14). Then in the cohomology of
=
2
, we have the following element:
<@ :"C +
j,k/1,2,2g
Sa( j),a(k)TQ( j)@’Q(k)@D#4P@.R@ (5.9)
whose restriction to the "ber >
2
gives <. Using formula (5.8), we get
(i@)H(<@)"A#B#C, (5.10)
A"+
j,k
Sa( j), a(k)T(!r@.q( j)@)[+u, vnH(t(u, v, j)).q(u)@.q(v)@], (5.11)
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B"+
j,k
Sa( j), a(k)T[+u, vnH(t(u, v, j)).q(u)@.q(v)@](!r@.q(k)@], (5.12)
C"sum of terms of form nH(t(a, b, c).t(d, e, f)).q(g)@.q(h)@.q(i)@q( j)@, (5.13)
where the sum of the "rst two terms can be expressed as
A#B"!4r@ +
u,v,k/1,2,2g
nH(t(u,v,k)).q(u)@.q(v)@.q(k)@. (5.14)
6. Mapping tori and the proof of Theorem 1.1
By the result of Johnson [7], if we pick three distinct integers (i
1
, i
2
, i
3
) with i
1
(i
2
(i
3
, there is
an di!eomorphism c of I(M,D2) such that the associated loop ‚(c) in the classifying space
BI(M,D2) has the following property: If a(b(c, then
St(a, b, c),‚(c)T"d
(a,i1)
.d
(b,i2)
.d
(c,i3)
. (6.1)
As these integers Mi, j, kN vary, the corresponding elements generate the "rst homology of the Torelli
group I
(g,1)
modulo 2-torsion. Note the obstruction W(c) to the non-triviality of the action of ‚(c)
on the rational cohomology of the pair (>
2
,>
1b
) depends only on the abelianization of c in the "rst
homology H
1
(I
(g,1)
, Z) modulo torsion. This is true because we are working on the rational
cohomology and because any commutator c has the property that the element (c!1) is in the
square of the augumentation ideal of the group ring of I
(g,1)
, by the formula in the group ring
(a.b!1)"(a!1).(b!1)#(b!1)#(a!1),
and that this square acts trivially on rational cohomology. Torsion elements of order n in the "rst
homology act trivially because if a unipotent element has for some power acting trivially on
rational cohomology, then it must already act trivially, by the repeated use of the above formula
with a"b. Hence, to discover if the obstruction W(c) is non-zero, we need but compute the
homomorphism on each of these explicit elements generating the "rst homology group modulo
torsion.
Let =@
i
denote the inverse image of the loop ‚(c) in the bundle =
i
for i"1, 2. Then =@
i
is the
mapping torus for the induced action of c on the spaces >
i
, i"1, 2. Let i@ H: =@
1
P=@
2
be the map
induced by i.
We will now compute W(c) using method 3 of Section 3. Since the cohomology of >
1b
is the
Z/2-equivariant cohomology of>
1
, it will su$ce to compute the obstruction to the triviality of the
action of c for the pair (>
1
,>
2
) using the above pair (=@
1
,=@
2
).
Denote the restriction of the classes P@,Q(i)@,R@ to the mapping torus =@
2
by the corresponding
symbols PA,Q(i)A,RA, and the restriction of q(i)@, r@ to the mapping torus =@
1
by q(i)A, rA. We can
utilize the above formulas (5.8) to compute the restriction by i@ H of these classes from=@
2
to=@
1
. In
using these formulas, we may drop all terms involving dimension 2 terms in the base. For example,
the third term in (5.10) contributes zero.
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Now suppose we have an element x of Hd(>
2
) in ker iH. Then we can write x as a sum:
x"+
I
K(I)(P/2)a ) <
j/1,2,b
(Q(i
j
)/!2).(!R)c, (6.2)
where the sum is over indices I"(a, b, c, i
1
,2, ib) with 2a#3b#4c"d. Then x is the restriction
to the "ber of =@
2
of the class x@ with
x@"+
I
K(I)(PA/2)a ) <
j/1,2,b
(Q(i
j
)A/!2).(!RA)c. (6.3)
By (5.8), we have
(i@)H(((PA/2)a ) <
j/1,2,b
(Q(i
j
)A/!2).(!RA)c))
"(wA)a. <
j/1,2,b
(rA.q(i
j
)A).(rA)2c
#+
k
(wA)aC <
j/1,2,b,jEk
(rA.q(i
j
)A)D.(rA)2c.+
u,v
(!1)knH(t(u, v, i
k
))q(u)A.q(v)A,
where wA is the symmetric form in the q(i)A-variables. Note that if the Q(i
j
)-terms are missing we get
zero by iH(x)"0. That is, b’0 is necessary to get non-zero terms.
This element i@H(x@) restricts to zero in the "ber of =@
1
, and hence we see that W(c)(x)"+
I
X(I)
with X(I) given by
X(I)"6+
k
(w)aC <
j/1,2,b,jEk
(r.q(i
j
))D.(r)2c.+
u,v
(!1)kSt(i
k
, u, v), cTq(u).q(v).
Note that all the terms here are invariant under the Z/2-involution sending rP!r, q(i)P!q(i).
Since an element of the form
S"wa.r(b~1)‘2c
a product of (b#1) elements of the form q(i), lies in the image of iH for (b!1)#2c*b#1, the
contribution to the cokernel of iH vanishes for such an element S whenever c is positive (see (2.25)).
As noted above, we need b’0 also. Since the dimension d is given by d"2a#3b#4c, this proves
that our obstruction W(c) is zero unless d is of the form d"2a#3b and b’0.
Note that the "rst term of < is the symplectic form in the MQ(i)@sN. Hence, by the usual argument
in Hodge decomposition we can write an element x of HH(>
2
) in the form
x"<.y#z (6.4)
with z of the form
z" +
a,b,c
(P/2)a.(!R)c.[primitive element of Kb(MQ(i)@sN)].
Here 2a#3b#4c"d and 0)b)g.
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Now as iH(<)"0 the constraint iH(x)"0 implies that iH(z)"0, or in other words
+
a,b,c
wa.r2c‘b.[same primitive elements as in z but in the variables q(i)@s]"0.
By the Hodge decomposition, this condition is satis"ed if and only if we have a’(g!b).
Moreover, by the same argument as above, the terms with c’0 contribute nothing in the cokernel
of iH. Hence, we can assume that a’(g!b) and c"0 in z. But then we see that W(c)(z) will involve
terms of the type +
a,b
warb~1.[a term in Kb‘1]. This will vanish by the Hodge decomposition if
a’g!(b#1), which is the case here. Hence, we have demonstrated that with the necessary
constraint iH(z)"0, we must have W(c)(z)"0.
By formula (5.12), we get
W(c)(<.y)"(W(c)(<)).iH(y). (6.5)
On the other hand by (5.10)}(5.14) we have
W(c)(<)"!4r@ +
u,vk/1,2,2g
St(u, v, k), cT.q(u)@q(v)@.q(k)@] (6.6)
and so
W(c)(<.y)"!4r@. +
u,v,k/1,2,2g
St(u, v, k), [c]Tq(u)@.q(v)@.q(k)@.iH(y)
!24r@.q(i
1
)@.q(i
2
)@.q(i
3
)@.iH(y). (6.7)
Now the image of iH is a sum of terms in wl.rm.Kn with m*n and m!n even and n)g. By the
Hodge decomposition, the exterior algebra terms in the last sum with n’g can be rewritten as
a sum of the symplectic form times terms with degree n and n)g. Now if we multiply this by the
term r@.q(i@
1
)@.q(i
2
)@.q(i
3
)@ we get a sum of terms in wl.rm‘1.Kn‘3 which is in the image of iH unless
m#1(n#3. The only way this does not happen is that m"n. In all other cases, these terms are
in the image of iH. Thus unless d!1"2l#5#2n#n, i.e. d"2l#3n#6, these terms are
mapped to zero in the cokernel. Again, by the Hodge decomposition, if (n#3)’g then we may
write wl.rn‘1.Kn‘3 as wl‘1rn‘1.Kn‘1 which is in the image of iH also. Hence, we may assume that
(n#3) g and, by the Hodge decomposition, that 0)l)g!(n#3) also.
This proves part of the vanishing statement of Theorem 1.1: W(c) vanishes unless d is of the form
d"2l#3n#6 with (n#3) g and 0)l)g!(n#3). It follows from the vanishing of W(c) that
the action of the Torelli group I
(g,1)
is trivial in these cases.
Since for l"e with e"0 or 1 or 2, these cases are the set of integers MtN of the form t"e (mod3)
with 3)t)(3g!3). This shows that S(g) of Theorem 1.1 consists of the set of all integers d of the
form d"2l#3n#6 with 0)n)(g!3) and 0)l)g!(n#3). Hence, in all cases the action is
trivial as claimed in Theorem 1.1.
Now suppose the dimension d is in S(g). Then, it is of the above form d"2l#3n#6 with
0)n)(g!3) and 0)l)g!(n#3). De"ne z to be the non-zero element in Prim(Kn(MQ(i)@sN)
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satisfying the formula
x"v.(!P)l.z. (6.8)
By the above calculation, we have
W(c)(x)"!24wl.rn‘1q(i
1
).q(i
2
).q(i
3
)z6 , (6.9)
where the non-zero primitive element z6 of Prim(Kn(Mq(i)@sN)) is obtained from z by replacing Q(i) by
q(i). By the formula for the cokernel in Section 2, the expression in (6.9) gives a non-zero element
whenever 0)l)(g!(n#3)),(n#1)((n#3). The "rst condition is true by assumption and the
second is automatic. Thus in these dimensions we get the non-triviality of the action of the Torelli
group.
To complete the proof of Theorem 1.1, recall in Proposition 3.2 that the Torelli action
is non-trivial on HH(R
SU(2)
(M)) if and only if it is non-trivial on the image of
HH(R
SU(2)
(M),R
SU(2)
(M)
3%$
) in HH(R
SU(2)
(M)). This last image is isomorphic to the quotient space of
HH
SU(2)
(R
SU(2)
(M)A,R
SU(2)
(M)A
3%$
) modulo the image of the exterior classes „"+
0x2ix2g
K2i(Mq(i)@sN),
and so the obstruction to triviality is the composite ker (iH
d
)
W
dP coker(iH
d~1
)P(coker(iH
d~1
)/„).
The calculation of W
d
in (6.9) shows that the image of W
d
has trivial intersection with „. It follows
that the composite obstruction map is non-zero if and only if W
d
itself is non-zero. In other words,
the action of the Torelli group on the cohomology HH(R
SU(2)
(M)) is non-trivial if and only if it is
non-trivial on HH(R
SU(2)
(M),R
SU(2)
(M)
3%$
)"HH
SU(2)
(R
SU(2)
(M)A, R
SU(2)
(M)A
3%$
). Finally, the non-triv-
iality of this last action follows from the discussion in the previous paragraph. This completes the
proof of Theorem 1.1. h
7. Relation with Casson invariant
The results of this paper can be applied to gain insight into the cohomological and geometrical
nature of Casson’s invariant for integral homology 3-spheres. In the de"nition of this invariant (see
[2,12]) an important role is played by the family of cycles, known as the ‘Casson cyclea associated
to a handle body H with boundary M, LH"M. Located in the middle dimension 3g!3 of
R
SU(2)
(M), these cycles consist of all representations factoring through the fundamental group of H.
In a future paper [5], we will show that the action of Torelli group on the space of Casson cycles is
non-trivial.
Closely related to the present paper, is the question of the action of the Torelli group on the
ordinary homology of S;(n)-representation space, for n’2. By rather di!erent methods we will
show the general unipotency of this action and bound its degree (see [5]). It is our hope to apply the
unipotency of such Torelli action to study the "nite-type invariants of 3-manifolds. Some aspect of
this approach has been outlined in [3,4,9].
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